Four-qubit cluster states of two photons entangled in polarization and linear momentum have been used to realize a complete set of single qubit rotations and the C-NOT gate for equatorial qubits with high values of fidelity. By the computational equivalence of the two degrees of freedom our result demonstrate the suitability of two photon cluster states for rapid and efficient one-way quantum computing.
The relevance of cluster states in quantum information and quantum computation (QC) has been emphasized in several papers in recent years [1, 2, 3, 4] . By these states novel significant tests of quantum nonlocality, which are more resistant to noise and show significantly larger deviations from classical bounds can be realized [2, 5, 6, 7] . Besides that, cluster states represent today the basic resource for the realization of a quantum computer operating in the one-way model [1] . In the standard QC approach any quantum algorithm can be realized by a sequence of single qubit rotations and two qubit gates, such as C-NOT and C-Phase [8] . A deterministic one-way QC is based on the initial preparation of entangled qubits in a cluster state, followed by a temporally ordered pattern of single qubit measurements and feed-forward operations. Indeed these operations, depending on the outcome of the measured qubits [1] , correspond either to intermediate feed-forward measurements or to Pauli matrix feedforward corrections on the final output state. Two qubit gates can be realized by exploiting the existing entanglement between qubits. In this way the difficulties of standard QC, related to the implementation of two qubit gates, are transferred to the preparation of the state.
The first experimental results of one-way QC were demonstrated by using 4-photon cluster states [3, 4] . The detection rate in such experiments, approximately 1 Hz, is limited by the fact that four photon events in a standard spontaneous parametric down conversion (SPDC) process are rare. Moreover, four-photon cluster states are characterized by limited values of fidelity, while efficient computation require highly faithful prepared states.
Cluster states at high level of brightness and fidelity were realized by entangling two photons in more degrees of freedom [7] . Precisely, this was demonstrated by entangling the polarization (π) and linear momentum (k) degrees of freedom of one of the two photons belonging to a hyperentangled state [9, 10] . The high fidelity and detection rate of the prepared two-photon four-qubit cluster states make them suitable for the realization of high speed one-way QC. In this letter we present the realization of arbitrary single qubit rotations and of the C-NOT gate for equatorial qubits. We have also verified the equivalence existing between the two degrees of freedom for qubit rotations, by using either k or π as output qubit, demonstrating that all four qubits can be adopted for computational applications.
In our experiment two-photon four-qubit cluster states are generated by starting from π-k hyperentangled photon pairs generated by SPDC process in continuous way. The method to produce the hyperentangled states
was explained in other papers [9, 11] , to which we refer for details. In the above equations |Φ
(|ℓ A |r B ± |r A |ℓ B ), H, V correspond to the horizontal (H) and vertical (V ) polarizations and ℓ, r refer to the left (ℓ) or right (r) paths of the photon A (Alice) or B (Bob) (see Fig. 1 of [7] ).
The cluster state
is created by starting from the state |Ξ +− = |Φ + π ⊗ |ψ − k and introducing a π phase shift in one of the four output modes of the SPDC source [15] . Precisely, a zero-order half wave (HW) plate is inserted on the r A mode. This operation, corresponding to a Controlled Phase (CP) between the control (k A ) and the target (π A ) qubits, create a genuine four-partite entanglement, without any kind of post-selection. Cluster states were observed at 1 kHz detection rate with fidelity F = 0.880 ± 0.013, obtained from the measurement of the stabilizer operators of |C 4 [2] .
By using the correspondence |H ↔ |0 , |V ↔ |1 , |ℓ ↔ |0 , |r ↔ |1 , the generated state |C 4 is equivalent to the cluster state |Φ
(|0 ± |1 )) up to single qubit unitaries:
Here |Φ lin 4
and |C 4 are respectively expressed in the so called "computational" and "laboratory" basis, while the U j 's (j = 1, · · · , 4) are products of Hadamard gates
(σ x + σ z ) and Pauli matrices σ i . Their explicit expressions depend on the ordering of the four physical qubits, namely k A , k B , π A , π B . In this work we use three different ordering:
In the following we refer to these expressions depending on the logical operation we will consider. Let's now examine the most relevant measurements performed in this experiment.
Single qubit rotations. In the one-way model a three-qubit linear cluster state is sufficient to realize arbitrary single qubit rotations [12, 13] , hence this operation may be implemented through three different steps and single qubit measurements. According to the measurement basis for a generic qubit j,
(|0 j ± e −iϕ |1 j ), we define s j = 0 (s j = 1) when the |ϕ + j (|ϕ − j ) outcome is obtained. With the four-qubit cluster expressed in the computational basis the following procedure must be performed (see fig. 1 
(a)):
I: A three-qubit linear cluster is generated by measuring the first qubit in the basis {|0 1 , |1 1 }. The input logical qubit |χ in is then encoded in qubit 2. If the outcome of the first measurement is |0 1 then |χ in = |+ , otherwise |χ in = |− .
II: Measuring qubit 2 in the basis |α ± 2 , with α corresponding to a particular value of ϕ, the computational qubit (now encoded in qubit 3) is transformed into 
In this way, by suitable choosing the values of α and β, we can perform any arbitrary single qubit rota-
, that can be corrected by proper feed-forward operations [4] . In our case we applied this procedure by considering as output qubit either the polarization or momentum of photon B, demonstrating the QC equivalence of the two degrees of freedom. This corresponds to respectively choose the order a) or b) for the physical qubits.
The measurement apparatus is sketched in fig. 2 . The k modes corresponding to photons A or B, are respectively matched on the up and down side of a common symmetric beam splitter (BS) (see inset), which can be also finely moved in the vertical direction such that one or both photons don't pass through it.
Polarization analyses are performed by standard π tomographic apparatus (λ/4, λ/2 and polarizing beam splitter PBS), while two HW oriented at 22.5
• (H a and H b in fig. 2 ) are inserted in photon A modes. They will be used together with the λ/4's in order to transform the {|ϕ + πA , |ϕ − πA } states into linearly polarized states. Two thin glass plates before the BS allow to set the basis of momentum measurement for each photon.
Let's consider ordering a). The output state, encoded in the polarization of photon B, can be written in the laboratory basis as
where the H gate derives from the change between the computational and laboratory basis. This also implies that the actual measurement bases are |± kB for the momentum of photon B and |α ∓ kA for the momentum of fig. 3 .
photon A. The measurement basis on the third qubit (π A ) depends, according to the one-way model, on the results of the measurement on the second qubit (k A ). Note that in our scheme this simply corresponds to measure it in the bases |β ± πA or | − β ± πA depending on the BS output mode (i.e. s 2 = 0 or s 2 = 1). This is a direct consequence of the possibility to encode two qubits (k A and π A ) in the same photon. As a consequence, differently from the case of four-photon cluster states, in this case active feed-forward measurements (e.g. adopting Pockels cells) are not required, while Pauli errors corrections are in any case necessary for deterministic QC.
In fig. 3(a) the results obtained in the case s 2 = s 3 = 0 (i.e. when the computation proceeds without errors) with |χ in = |+ are given. We report on the Bloch sphere the experimental output qubits and their projections on the theoretical state HR x (β)R z (α)|+ for different values of α and β. The corresponding fidelities are given in table I. We also performed the tomographic analysis on the output qubit π B for all the possible combinations of s 2 and s 3 and for input qubit |χ in = |± . In all the cases we obtained an average value of fidelity F ≈ 0.9. As an example, we show in fig 3(b) the case s 2 = 1, s 3 = 0 (|χ in = |+ ). The high values of the fidelity obtained in these measurements represent the necessary condition to implement efficient active feed-forward corrections.
By considering ordering b) the same computation can be performed with output state |χ out kB encoded in the linear momentum of photon B, whose explicit expression in the laboratory basis is
By the apparatus of fig. 2 we measured |χ out kB by choosing different values of α (corresponding in the laboratory to the polarization basis |α ∓ πA ) and β = 0 (corresponding in the laboratory to the momentum basis | − β ± kA ), while the first qubit (π B ) was always measured in the basis |± πB . In this case only H a and H b Hadamard gates are inserted. The complete single qubit tomography on k B requires the measurement of the σ x , σ y operators, by proper setting of phase φ B , and σ z , performed by removing the BS on photon B. Fig. 3(c) shows the results obtained for different output qubits, for s 2 = s 3 = 0 and |χ in = |+ . The corresponding fidelities are given table I. Also in this case we performed the k B tomographic analysis for all the possible values of s 2 and s 3 and of the input qubit, obtaining in average F > 0.9. The case s 2 = 0, s 3 = 1 is shown in fig. 3(d) with fidelities given in table I.
C-NOT gate for equatorial qubits. Nontrivial two-qubit operations, such as the C-NOT gate, can be realized by the four-qubit horseshoe (180
• rotated) cluster state (see fig. 1b) ), whose explicit expression is equal to |Φ lin 4 . By simultaneously measuring qubits 1 and 4, it's possible to implement the logical circuit shown in fig. 1(b) . In the computational basis the input state is |+ c ⊗|+ t (c=control, t=target), while the output state, encoded in qubits 2 (control) and 3 (target), is |Ψ out = H t C-N OT (O|+ c ⊗ R z (α)|+ t ) (for s 1 = s 4 = 0). In the above expression we have O = 1 1 (O = H) when qubit 1 is measured in the basis {|0 1 , |1 1 } (|± 1 ). Qubit 4 is measured in the basis |α ± 4 . It is worth noting that this circuit realizes the C-NOT gate (up to the Hadamard H t ) for arbitrary equatorial target qubit and control qubit |0 , |1 or |± depending on the measurement basis of qubit 1.
The experimental realization of this gate is performed by adopting ordering c). In this case the control output qubit is encoded in the momentum k B , while the target output is encoded in the polarization π B . In the actual experiment we inserted H c and H d on photon B to compensate H t , (while H a and H b were removed, see fig. 2 ). The output state in the laboratory basis is then
where all the possible measurement outcomes of qubits 1 and 4 are considered. The Pauli errors are Σ = σ
z , while the matrix σ (c) x is due to the changing between computational and laboratory basis. Table II shows the experimental fidelities of the target qubit corresponding to the measurement of the output control qubit in the basis {|0 , |1 }.
The results of our experiment indicate that a twophoton four-qubit cluster state, which realizes the full entanglement of two photons through two degrees of freedom (in our case polarization and linear momentum), represents a basic resource for one-way QC. Indeed, any kind of single qubit rotations on the Bloch sphere can be realized by these states with high fidelity. These transformations were performed at average repetition rates of ∼1 kHz by equivalently using polarization or momentum as output qubit. The two photon approach allows to implement this algorithm without the need of active devices for feed-forward measurements, as demonstrated in the present work in the case of polarization output qubit. One-way QC requires highly efficient active feed-forward corrections at the end of the process [4] . The high fidelity of the output states obtained in this work, even in presence of Pauli errors, is a necessary condition for deterministic QC. By using the same cluster states, we also realized a C-NOT gate for target qubits located in the equatorial plane of the Bloch sphere. Other two qubit algorithms, such as Grover's algorithm and C-Phase gate, were also implemented by us with the same source. Results will be reported elsewere.
More complex algorithms could be realized by increasing the number of entangled qubits in the state. For instance, six qubits are necessary to implement a C-NOT gate operating over the entire Bloch sphere. In our scheme more qubits could be entangled by using different degrees of freedom, such as time-energy or exploiting the continuous k-mode emission within the SPDC cone of a type I crystal, and/or increasing the number of photons. For example eight-qubit four-photon cluster state cloud be generated by linking together two |C 4 states by a proper CP gate. These different approaches are at the moment under investigation.
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Note added-While we were completing the experiment another work concerning one-way QC with two-photon four-qubit cluster states appeared [14] .
